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Abstract
Centred charge donor related diamagnetic susceptibility and optical properties of a spheri-
cal GaAs quantum dot are presented. In particular, effects of intrinsic parabolic and shifted 
parabolic potentials on these quantities are investigated. This is theoretically achieved by 
solving the Schrödinger equation within the effective mass approximation. It is observed 
that the parabolic potential reduces the magnitude of the diamagnetic susceptibility while 
the shifted parabolic potential increases it. Other findings are that the parabolic potential 
blue-shifts both the absorption coefficient and the change in refractive index of quantum 
dots, while the shifted parabolic potential red-shifts these quantities. These features are 
discussed.
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1 Introduction

During these last decades, the study of impurity states in nanostructure semiconductors has 
become the subject of extensive investigation both theoretically and experimentally (Hsieh 
2000; Ying et  al. 1999). Due to their numerous applications in various disciplines such as 
nanoelectronics (Bhadra and Sarkar 2010), solar energy (Ataser et al. 2018), agriculture (Man-
dal and Ganguly 2011; Tekerek et al. 2011), optoelectronics (Kang et al. 2015; Rishinaraman-
galam et  al. 2015; Ataser et  al. 2018), thermoelectrics (Pennelli 2015; Cecchi et  al. 2015), 
there is no doubt to the importance of quantum dots (QDs). This increasing interest in QDs 
has prompted many authors to intensify research on properties of QDs. QDs are very instru-
mental in realizing and manipulating qubits (Zhang et al. 2018). Qubits can be manipulated 
by application of electric and magnetic fields (Malkoc et al. 2016). Qubits can be stored in 
spins of charge carriers, but these are susceptible to leakage out of the computational space. 
Milivojević (2018) has suggested a way of minimising this leakage. It has also been reported 
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that QDs can be used to realise quantum gates that can, also, be manipulated by electric field, 
magnetic field and inter-QD distance (Burkard et al. 1999). The effects of cup-like and hill-
like parabolic confining potentials on photoionization cross section (PCS) of a donor in spher-
ical quantum dot (SQD) have been recently reported (Tshipa 2016). It was found that, as the 
cup-like parabolic potential intensifies, the peak of PCS becomes red-shifted for the s ⟶ p 
transition and becomes blue-shifted for p ⟶ d , d ⟶ f  transitions, while the hill-like para-
bolic potential blue-shifted peak of PCS for s ⟶ p transition and red-shifted the p ⟶ d and 
d ⟶ f  transitions. Peter and Ebenezar (2009) have computed and compared the susceptibil-
ity of a hydrogenic donor in spherical confinement of harmonic oscillator-like and rectangular 
well-like potentials for a finite QD. Diamagnetic susceptibility of a confined donor in inhomo-
geneous quantum dots was recently reported by Rahmani et al. (2011).

In addition to diamagnetic susceptibility, optical properties of quantum structures have 
been studied as they yield insightful information on how to best utilize nanostructures for a 
wide range of optoelectronic and photonic applications (Chen et al. 2017). For example, it has 
been theoretically shown that it is possible to use quantum rings to detect terahertz radiation 
(Mobini and Solaimani 2018). Gul Kilic et al. (2018) studied optical properties of quantum 
dots with a centred impurity and found that transition energies depend strongly on the mag-
netic field, and the depth and range of impurity potential. The effect of Rashba spin-orbit inter-
action on absorption of a parabolic QD has also been investigated (Hosseinpour et al. 2016). 
It has also been shown that optical response of a quantum well can be modified by the Morse 
potential and tuned using electric field (Sakiroglu et al. 2017). Other investigations of optical 
properties were carried out in GaAs cone-like quantum dots (Gil-Corrales et  al. 2017) and 
lens-shaped quantum structures (Zamani et al. 2017).

All of these motivated me to lead a new investigation on optical properties and diamagnetic 
susceptibility of a donor in a spherical QD using parabolic and shifted parabolic potentials, 
which are useful in controlling the electronic properties of nanostructures. To my knowledge, 
this result has not yet been reported in any literature.

This paper is organized as follows: Section 2 gives the details of theoretical framework, 
Sect. 3 presents the results and discussions. Concluding remarks are given in Sect. 4.

2  Theoretical framework

2.1  Wave functions and diamagnetic susceptibility

The envisaged system is a donor impurity located at the centre of a spherical quantum dot 
(SQD) of radius R. The intrinsic confining electric potentials of the SQD considered here vary 
parabolically with the radial distance from the centre of the SQD. The parabolic potential 
has a convex increase in the radial distance while the shifted parabolic potential has a convex 
decrease in the radial distance. Due to the spherical symmetry of the problem, the wave func-
tion is sought in the form � (r, �,�) = ClmYlm(�,�)R(r), where Clm is normalization constant, 
Ylm(�,�) are the spherical harmonics and R(r) is the radial component of the wave function 
satisfying the Schrödinger equation
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with � being the effective mass of the electron (of charge −e ), ke = 1∕(4��0) the Coulomb 
constant, where �0 is permittivity of free space and �r the relative dielectric constant of 
the SQD. The orbital momentum quantum number, l(l = 0, 1, 2, ...) , indicates the angular 
momentum of an electron whereas m is the magnetic quantum number. The spatially vari-
ant confining electric potential has been designated by V(r) while Elm are the electron’s 
energy eigenvalues. The Schrödinger equation (Eq.  1) is solvable in terms of the Heun 
Biconfluent function (Ronveaux 1995; Hortaçsu 2013)

where A1(2)lm are constants, and coefficient A2lm has to be taken as zero for the SQD due to 
the divergent nature of the second solution at the origin (centre).

The electric potential outside the quantum dot is considered to be infinitely high for elec-
trons, while the potentials considered for the inside are the parabolic and the shifted parabolic.

Parabolic potential The SQD may be considered to have an intrinsic parabolic electric 
potential

and infinity elsewhere. Here, �0 is the angular frequency associated with the classical 
harmonic oscillator. The solution to the corresponding Schrödinger equation (Eq.  1) is 
expressible in terms of the Heun Biconfluent function (Eq. 2) with the parameters

and the arguments

and

Requiring that the electron wave function should vanish at the walls of the SQD avails the 
energy spectrum of an electron in a SQD with a parabolic potential as

with �R satisfying the condition

Shifted parabolic potential This potential is maximum at the centre of the SQD and has a 
convex parabolic decrease in the radial distance to assume a minimum value (here taken as 
zero) at the radius;
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The solution to Eq. (1) for this potential is also in terms of the Heun Biconfluent function 
(Eq. (2)) but with the � parameter being non-zero;

� and � are the same as those for the parabolic potential with the donor impurity. Applica-
tion of the usual boundary conditions on the continuity of the wave function at the walls of 
the SQD as avails the energy spectrum as

where �R is the value of � that satisfies the condition given in Eq. (7).
The wave functions are then used to evaluate the diamagnetic susceptibility of a donor 

impurity as (Mmadi et al. 2013; Jeice et al. 2016)

where ⟨r2⟩ is the quantum mechanical expectation value of the square of the radial distance 
from the centre of the SQD, evaluated by using the wave functions with the radial compo-
nent (2) and �0 = (e2R2)∕(6��c2) , c being the speed of light.

2.2  Absorption coefficients and refractive index changes

The first order and third order contributions to absorption coefficient (AC) of a crystal can be 
evaluated via (Hosseinpour et al. 2016; Gil-Corrales et al. 2017; Zamani et al. 2017; Duque 
et al. 2016)

where
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In the above, �FS is the fine structure constant, �V the electron volume density and nr the 
refractive index of the crystal. Mfi, which are the dipole matrix elements coupling one state 
�i⟩ to the other �f ⟩ are calculated according to

where p, q = i or f and evaluated over the volume of the SQD V while ℏ�fi are the line 
widths associated with the different states indicated by the subscripts, considered in this 
communication to be ℏ�fi = 3.3 meV. For computational purposes, the delta function has 
been replaced by the Lorentzian function

The summed absorption coefficient can then be written as

The corresponding first and third order contributions to the refractive index change are 
given by (Gul Kilic et al. 2018; Hosseinpour et al. 2016)

and

where

�0 is the permeability of free space and � = �r�0 . Similarly, the total change in refractive 
index (considered to third order) is

3  Discussions

The effective mass used in these computations is � = 0.067me , me being the free elec-
tronic mass, relevant to GaAs nanostructures. Figure  1 depicts the dependence of the 
scaled diamagnetic susceptibility on strengths of the parabolic (solid plots) and the shifted 
parabolic (dashed curves) potentials for the l = 0 state, in SQDs of radii r1 = R = 150Å , 
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r2 = R = 175Å and r3 = R = 200Å . The scaling parameter �0 is of the order of ∼ 10−30 
m3 . The parabolic potential reduces the magnitude of the diamagnetic susceptibility. This 
is due to the fact that the parabolic potential enhances localization around the centre of 
the SQD, which decreases ⟨r2⟩ . Contrastingly, the nature of the shifted parabolic potential 
is such that it shifts electron wave functions towards the walls of the SQD. As such, the 
shifted parabolic potential increases the magnitude of the diamagnetic susceptibility. It can 
be noted from Fig. 1 that both potentials appreciably modify the diamagnetic susceptibili-
ties of SQDs with larger radii than those of smaller radii. This is understandable from the 
fact that in a wider SQD, there is ample room for the parabolic (shifted parabolic) potential 
to constrict (dilate) wave functions.

Figure  2 shows the variation of the scaled diamagnetic susceptibility with radius of 
the SQD for the l = 0 and the l = 1 states. The solid curves marked �1 correspond to an 
infinite spherical square quantum well (ISSQW) ( ℏ�0 = 0   meV), and those marked 
�2(= ℏ�0 = 15  meV) are for parabolic potential (solid plots) and the shifted para-
bolic potential (dashed curves), each superimposed on an ISSQW, and each of strength 
ℏ�0 = 15 meV. For an ISSQW, the magnitude of the diamagnetic susceptibility increases 
monotonically as a function of radius of the SQD. For an SQD with a parabolic poten-
tial, as radius of the SQD increases, the magnitude of diamagnetic susceptibility does not 
increase as much as for the ISSQW, due to the confinement from the parabolic potential. 
This is rather akin to the effect of the magnetic field on the diamagnetic susceptibility as 
the radius of the SQD is varied (Mmadi et al. 2013; Koksal et al. 2009). Contrastingly, the 
shifted parabolic potential enhances the magnitude of the diamagnetic susceptibility as a 
function of the radius of the SQD.

Figure 3 depicts absorption coefficient of an SQD of radius R = 200Å as a function of 
energy of incident radiation of intensity I� = 95MW∕m2 , in the presence of the impu-
rity. The centered donor impurity merely blue-shifts peaks of absorption coefficient. 
The plot marked �1 corresponds to an ISSQW ( ℏ�0 = 0  meV), and the curve marked 
PP (SPP) corresponds to ISSQW with a superimposed parabolic potential (shifted 

Fig. 1  The scaled diamagnetic 
susceptibility as a function of 
the potentials in SQDs of radii 
r1 = R = 150Å , r2 = R = 175Å 
and r3 = R = 200Å for l = 0 . 
The solid plots correspond to 
the parabolic potential while the 
dashed are associated with the 
shifted parabolic potential
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parabolic potential). On one hand, the parabolic potential affects the higher l states than 
it does the lower l states, therefore this potential increases transition energies. Transi-
tion energies are the differences in energies of states between which transitions occur. 
On the other hand, lower l states are more susceptible to the shifted parabolic poten-
tial, therefore this potential decreases transition energies. Consequently, the parabolic 
potential blue-shifts peaks of the AC while the shifted parabolic potential red-shifts the 
peaks. Another distinction between the effects of these two potentials on the AC is that 

Fig. 2  The dependence of the 
scaled diamagnetic susceptibil-
ity on radius of the SQD for 
the ground state and the first 
excited state. The curves marked 
�1 correspond to the infinite 
spherical square well (ISSQW) 
( ℏ�0 = 0 meV), while those 
marked �2 are associated with 
ℏ�0 = 15 meV, solid for the 
parabolic potential, and dashed 
for the shifted parabolic potential

Fig. 3  The variation of absorp-
tion coefficient with radiation 
energy for an SQD of radius 
R = 200Å in the presence of a 
donor impurity. The plot marked 
�1 corresponds to an ISSQW 
( ℏ�0 = 0 ) while the plot marked 
PP (SPP) corresponds to a SQD 
with an intrinsic parabolic poten-
tial (shifted parabolic potential), 
each of strength ℏ�0 = 15 meV. 
The radiation intensity is 
I� = 95MW/m

2
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the parabolic potential enhances the magnitude of the AC, while the shifted parabolic 
potential decreases the magnitude of AC.

Figure 4 illustrates the dependence of AC of a SQD of radius R = 200Å on strengths of 
the parabolic electric confining potential (PP) and the shifted parabolic potential (SPP), 
for two values �1 = ℏ� = 18 meV and �2 = ℏ� = 22 meV of the photon energy. Intensity 
of the radiation field is I� = 95MW∕m2 . The photon energy �1 is less than the energy dif-
ferences between the ground state and the first excited state in an infinite spherical square 
quantum well (ISSQW) (ℏ�0 = 0), while the photon energy �2 is slightly greater than the 
transition energy. In the case of �1 , the shifted parabolic potential brings the system to reso-
nance since it reduces transition energies. The parabolic potential, contrastingly, takes the 
system away from resonance since it increases transition energies. The situation is reversed 
for photon energy �2, which is more than the energy difference between the ground state 
and the first excited state in an ISSQW (ℏ�0 = 0) . In this case, it is the parabolic potential 
that brings the system to resonance, while the shifted parabolic potential drives the system 
away from resonance. Generally, the externally applied electromagnetic radiation reduces 
the AC considered up to third order.

Figure  5 depicts change in refractive index (CRI), �nr∕nr , as a function of pho-
ton energy for an SQD of radius R = 200Å in the presence of the donor impurity for 
I� = 150MW∕m2 . The plots marked PP (SPP) are for an SQD with a parabolic potential 
(shifted parabolic potential) superimposed on an ISSQW. These are compared with the CRI 
for an ISSQW ( ℏ�0 = 0 ). For low radiation intensities ( I� ≈ 0 ), the dependence of change 
in refractive index on photon energy is characterized by regions where �nr∕nr increases 
with increasing photon energy, (called the normal dispersion region), and a region where 
it decreases with increasing photon energy (the anomalous dispersion region) (Farkoush 
et al. 2013). The point where the graph goes to zero in the anomalous dispersion region 
occurs when the photon energy matches transition energies. Since the parabolic potential 
enhances transition energies, this potential tends to blue-shift the graph of �nr∕nr versus 
the photon energy. On the contrary, the shifted parabolic potential red-shifts the graph of 

Fig. 4  The dependence of 
absorption coefficient of an SQD 
of radius R = 200Å on strengths 
of the parabolic and the shifted 
parabolic potentials for two pho-
tons energies, �1 = ℏ� = 18 meV 
and �2 = ℏ� = 22 meV. Intensity 
of the incident electromagnetic 
radiation is I� = 95MW∕m2
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�nr∕nr since it reduces transition energies. When CRI is considered up to third order, as 
intensity of the radiation field increases, the variation of the CRI with the photon energy 
ceases to possess one anomalous dispersion region, and develops a second one, nested 
between normal dispersion regions. However, the parabolic potential impedes the develop-
ment of this second anomalous region, while the shifted parabolic potential promotes it. In 
fact, variation of the CRI with the photon energy has normal dispersion region sandwiched 
by anomalous dispersion regions as intensity of the radiation field increases further, char-
acteristic of the third order CRI ( �n(3)∕nr).

4  Conclusion

Donor related diamagnetic susceptibility of a spherical quantum dot and associated optical 
properties have been probed within the effective mass regime. In particular, the effects of 
the parabolic and the shifted parabolic potentials on these quantum quantities have been 
investigated. The results presented concur with interpretations of photoluminescence meas-
urements performed on GaAs QDs (Birotheau et al. 1992; Höglund et al. 2009). These QDs 
were, of course, not spherical, partly due to the difficulty associated with nanofabricating 
spherical nanostructures. Lens-like nanostructures have proven to be easier to fabricate. 
Consequently, results obtained herein compared with those of lens-like structures would 
only differ slightly. For example, the parabolic and shifted parabolic potentials would have 
less effect on the diamagnetic susceptibility in the direction of greater spatial confinement 
than in the direction where the structure is wider. Secondly, transition energies for nano-
lenses are slightly higher than those for spherical structures, hence peaks of the AC and 
the anomalous dispersion region of the CRI in nanolenses would be slightly blueshifted 
(Zamani et  al. 2017). The results of the present study, however, concur with theoretical 
investigations done on spherical QDs (Yakar et al. 2010; Keshavarz and Zamani 2013). It 
is observed that the parabolic potential has the proclivity to dwindle the magnitude of the 

Fig. 5  The plot of the change 
in refractive index as a function 
of the photon for a spherical 
quantum dot of radius R = 200Å 
in the presence of a donor 
impurity, for I� = 150MW∕m2 . 
The plot marked �1 corresponds 
to the ISSQW ℏ�0 = 0 , the curve 
marked PP (SPP) is associated 
with the parabolic potential 
(shifted parabolic potential) 
superimposed in the ISSQW. The 
strength of the parabolic and the 
shifted parabolic potentials is 
ℏ�0 = 15 meV



 M. Tshipa 

1 3

225 Page 10 of 11

diamagnetic susceptibility, while the shifted parabolic potential increases it. The parabolic 
potential is also found to blue-shift both the absorption coefficient and the changes in the 
refractive index of a SQD, while the shifted parabolic potential redshifts the two quanti-
ties. This imbues nanotechnology with an additional avenue of modulating properties of 
nanostructures apart from tampering with the dimensions of the nanostructures. This can 
be advantageous in cases where the nanostructures are required to have specific dimensions 
and corresponding to specific values of, say, diamagnetic susceptibility and frequency of 
operation.
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